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1. Introduction
The purpose of this note is to prove Theorem 1.1 below and some related results.
We follow the following conventions:
1. F(Y ) = {F ⊂ Y : F = ∅, F closed}.
2. K(Y ) = {K ∈ F(Y ): K compact}.
3. A map ϕ : X → F(Y ) is l.s.c. if {x ∈ X: ϕ(x) ∩ V = ∅} is open in X for every open V ⊂ Y .
4. A map ϕ : X → F(Y ) is u.s.c. if {x ∈ X: ϕ(x) ⊂ V } is open in X for every open V ⊂ Y .
Theorem 1.1. Let Y be metrizable. Then:
(a) If X is metrizable and A ⊂ X is closed, then every continuous g : A → Y extends to an l.s.c. ψ : X → K(Y ).1
(b) Y satisﬁes (a) for all paracompact X if and only if Y is completely metrizable.2
Remark 1.2. For two earlier results related to Theorem 1.1, see [4, Theorem 3.1 and Corollary 3.2].
E-mail address: erikamichael@hotmail.com.
1 For a somewhat sharper result, see Theorem 2.2.
2 I.e., metrizable with a complete metric.0166-8641/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
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We begin by recalling the extension theorem of J. Dugundji [2], and outlining its proof as presented in [3, 4.5.20].
Theorem 2.1. Let Y be a convex subset of a normed linear space.3 Then, if X is metrizable and A ⊂ X is closed, every continuous
g : A → Y extends to a continuous f : X → Y .
Proof. For each x ∈ X\A, let r(x) = 14d(x, A) (where d is a metric on X ), and let U (x) = B(x, r(x)). Then the open cover{U (x): x ∈ X\A} of X\A has a locally ﬁnite (in X\A) open reﬁnement (Vα). For each α, choose xα ∈ X\A such that
Vα ⊂ U (xα), and then choose aα ∈ A such that d(xα,aα) < 54d(xα, A). Let (pα) be a partition of unity on X\A subordinated
to (Vα). Finally, for any continuous g : A → Y deﬁne f : X → Y by
f (x) = g(x) if x ∈ A,
f (x) =
∑
α
pα(x)g(aα) if x ∈ X\A.
Clearly this f extends g , and our choices of (Vα), (aα) and (pα) imply that f is continuous. 
We are now ready for the proof of Theorem 1.1(a) in a sharpened form.
Theorem 2.2. Let Y be a topological space. Then, if X is metrizable and A ⊂ X is closed, then every continuous g : A → Y extends to
an l.s.c. ψ : X → K(Y ) with every ψ(x) ﬁnite.
Proof. Choose the open cover (Vα) of X \ A and points aα ∈ A as in the proof of Theorem 2.1, and deﬁne ψ : X → K(Y ) by
ψ(x) = {g(x)} if x ∈ A,
ψ(x) = {g(aα): x ∈ Vα} if x ∈ X \ A.
Clearly ψ extends g , and just as the map f is continuous in Theorem 2.1, so the map ψ is l.s.c. here. Finally, each ψ(x) is
ﬁnite because (Vα) is point-ﬁnite. 
The following corollary is a special case of Theorem 2.2 which also implies Theorem 2.2.
Corollary 2.3. Let X be metrizable and A ⊂ X closed. Then there exists an l.s.c. ψ : X → K(A) with ψ(x) = {x} for x ∈ A and with
ψ(x) ﬁnite for all x ∈ X.
Proof. By Theorem 2.2 with Y = A and with g(x) = x for every x ∈ A. 
Remark 2.4. The map ψ : X → K(A) in Corollary 2.3 may be regarded as a ﬁnite-valued l.s.c. retraction.
3. Proof of Theorem 1.1(b)
This result appears as the equivalence (a) ↔ (c) in the following theorem.
Theorem 3.1. If Y is metrizable, then the following are equivalent.
(a) Y is completely metrizable.
(b) If X is paracompact, then every l.s.c. φ : X → F(Y ) has an l.s.c. subset-selection ψ : X → K(Y ).4
(c) If X is paracompact and A ⊂ X is closed, then every continuous g : A → Y extends to an l.s.c. ψ : X → K(Y ).
Proof. (a) ↔ (b). See [4, Theorem 2.1, (a) ↔ (d)] (where (d) → (a) depends on [5, Corollary 3.2]). (For a different proof of
(b) → (a), see (b) → (c) → (a) below. See also Remark 3.2.)
(b) → (c). Assume (b). Given X , A ⊂ X and g : A → Y as in (c), deﬁne φ : X → F(Y ) by
φ(x) = {g(x)} if x ∈ A,
φ(x) = Y if x ∈ X\A.
Then φ is l.s.c., so it has an l.s.c. subset-selection ψ : X → K(Y ) by (b). This ψ is the required extension of g .
3 More generally, a locally convex topological linear space.
4 I.e. ψ(x) ⊂ ϕ(x) for x ∈ X .
1528 E. Michael / Topology and its Applications 158 (2011) 1526–1528(c) → (a).5 Assume (c). To prove (a), we will show that, if Y is a subspace of a metric space (M,d), then Y is a Gδ
in M .
Let X be the set M , re-topologized by calling a set V ⊂ X open in X if V = W ∪ S with W open in M and S ⊂ M\Y .
Then Y is a closed subspace of X , and X is paracompact because M is metrizable (see [3, 5.1.22, last paragraph]).
Deﬁne f : X → M by f (x) = x for x ∈ X ; clearly f is continuous. By (c) with A = Y , f |Y : Y → Y extends to an l.s.c.
ψ : X → K(Y ) ⊂ K(M). For n 1, let
Vn =
{
x ∈ X: d( f (x),ψ(x))< 1
n
}
.
Then Vn is open in X because f is continuous and ψ is l.s.c. Hence Vn = Wn ∪ Sn with Wn open in M and Sn ⊂ M\Y . Our
assumptions (including that every ψ(x) is compact) imply that
Y = {x ∈ X: f (x) ∈ ψ(x)}=⋂
n
Vn,
and therefore also Y =⋂n Wn . Thus Y is a Gδ in M . 
Remark 3.2. The implication (b) → (a) in Theorem 3.1 remains true even if (b) is only assumed for metrizable X (see [4,
Theorem 2.1, (d′) → (a)]). By contrast, it follows from Theorem 1.1(a) that the implication (c) → (a) in Theorem 3.1 becomes
false if (c) is only assumed for metrizable X .
4. An analog of Theorem 3.1 for u.s.c. maps
Theorem 4.1. If Y is metrizable, then the following are equivalent.
(a) Y is completely metrizable.
(b) If X is paracompact, then every l.s.c. map ϕ : X → F(Y ) has a u.s.c. subset-selection ψ : X → K(Y ).
(c) If X is paracompact and A ⊂ X is closed, then every continuous g : A → Y extends to a u.s.c. map ψ : X → K(Y ).
Proof. (a) ↔ (b). By [4, Theorem 2.1, (a) ↔ (c)].
(b) → (c). Just like the proof of (b) → (c) in Theorem 3.1, except that here ψ is u.s.c.
(c) → (a). The same as the proof of (c) → (a) in Theorem 3.1, except that here ψ is u.s.c. and the sets Vn are replaced by
the sets
V ′n =
{
x ∈ X: ψ(x) ⊂ Bd
(
f (x),
1
n
)}
,
where d is a metric on M . These V ′n are open in X because f is continuous and ψ is u.s.c. 
Remark 4.2. The referee has pointed out that a result more general than (c) → (a) in Theorem 4.1, with Y only a paracom-
pact p-space (rather than metrizable) and with (a) replaced by “Y is Cˇech-complete”, was obtained in [6, Proposition 1] and
[7, Lemma 2].
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